Abstract. We construct lattices on six dimensional not completely solvable almost abelian Lie groups, for which the Mostow condition does not hold. For the corresponding compact quotients, we compute the de Rham cohomology (which does not agree in general with the Lie algebra one) and a minimal model. We show that some of these solvmanifolds admit not invariant symplectic structures and we study formality and Lefschetz properties.
Introduction
A solvmanifold M is a compact homogeneous space M = G/Γ, where G is a connected and simply connected solvable Lie group and Γ is a lattice in G (that is, a discrete subgroup with compact quotient space).
In the special case of nilmanifolds (i.e., the particular case the solvable Lie group is nilpotent), if the structure constants are rational, a lattice can be always found [17] , while for solvmanifolds its existence is harder to establish.
Lattices determine the topology of solvmanifolds and are actually their fundamental groups (indeed solvmanifolds are Eilenberg-MacLane spaces of type K(π, 1), i.e. all their homotopy groups vanish, besides the first). Actually, lattices of solvmanifolds yield their diffeomorphism class (cf. Theorem 2.2).
Much of the rich structure of solvmanifolds is encoded by the Mostow fibration (see Section 2) N/Γ N = (N Γ)/Γ ֒→ G/Γ −→ G/(N Γ) = T k , where T k is a (k-dimensional) torus and N is the nilradical of G (the largest nilpotent normal subgroup of G). In general, the Mostow bundle is not principal.
An important special case is provided if the Lie algebra g of G has an abelian ideal of codimension one. In this case the Mostow bundle is a torus bundle over S 1 (actually a mapping torus, cf. [2] ), G is called almost abelian and G can be written as a semidirect product R ⋉ ϕ R n . The action ϕ of R on R n is represented by a family of matrices ϕ(t), which encode the monodromy or "twist" in the Mostow bundle (cf. [1] ). In particular the Lie algebra g of G has form R ⋉ ad X n+1 R n , where we consider R n generated by {X 1 , ..., X n } and R by X n+1 , and ϕ(t) = e tad X n+1 . Moreover, a lattice can be always represented as Γ = Z ⋉ Z n (cf. [12] ). In this paper, we find lattices in six dimensional almost abelian solvable Lie groups, using a criterium in [3] (Proposition 2.1). The cases we deal with correspond to situations when the de Rham cohomology does not agree in general with the Chevalley-Eilenberg cohomology H * (g) of the Lie algebra g of G. Namely the Mostow condition does not hold (see [20] and [24, Corollary 7 .29] and Section 3). Intuitively, in these cases there is some extra twist that modifies the topology and it turns out in particular that the cohomology depends on the lattice and not on the solvable Lie algebra only (the latter happens if the Mostow condition holds). We use two methods to compute cohomology and minimal models
• The modification of the solvable Lie group [13, 5] (Section 3). It consists in modifying the Lie group G into a newG in such a way thatG/Γ is diffeomorphic to G/Γ (whereΓ is a finite index subgroup in Γ, whose algebraic closure is connected) and H * (G/Γ) ∼ = H * (g), whereg is the Lie algebra ofG.
• The Oprea-Tralle method [22, 23] , which consists in applying a result of Felix and Thomas [7] that yields a Koszul-Sullivan model for non-nilpotent fibrations.
We summarize the results in Table 1 , where are listed six dimensional non completely solvable unimodular, almost abelian Lie groups [3] (see Subsection 3.1) which admit a lattice Γt for some choice oft ∈ R and of the parameters. We use the same notation as in [3] . For each of the group in Table 1 we study the formality (F), existence of invariant symplectic structures (IS), existence of not invariant symplectic structures induced by the ones on the modified Lie algebra (S), Hard Lefschetz property (HL).
Minimal models are computed in Section 5 where we prove the following × R/Γ and G 0 3.5 × R 3 /Γ are formal, while G a=0 6.10 /Γ, G 0 5.14 × R/Γ, G 0 5.18 × R/Γ are not formal, for every lattice Γ = Γt considered in Table 1 .
Some of our results answer to questions still open on formality, hard Lefschetz property and cohomology of six dimensional solvmanifolds (see [3, Proposition 6.18] and in the decomposable case [3, Table 6 .3]).
Note that there are examples where the cohomology depends strongly on the lattice:
Six dimensional almost abelian solvmanifolds were consider by Andriot, Goi, Minasian and Petrini [1] in string backgrounds where the internal compactification manifold is a solvmanifold. Nilmanifolds and solvmanifolds have been extensively used in theoretical physics in type II compactifications, both to four-dimensional Minkowski or Anti de Sitter, and appear to be good candidates for possible de Sitter vacua as well. Indeed their geometry is pretty well understood and, in particular, they can have negative curvature and therefore support internal fluxes (as well as D-branes and O-plane sources). In [1] is carried out a discussion of solutions of the supersymmetry (SUSY) equations, and the twist construction of solvmanifolds which serve as internal spaces. In our paper we try to fill out the limitation on solutions they observe, due to lack of isomorphism between the cohomology groups H * (g) and H * (G/Γ) for non completely solvable manifolds (and, more specifically, for solvmanifolds not satisfying the Mostow condition). Table 1 . Six dimensional almost abelian solvmanifolds, which admit lattices (for some value of the parameter) and do not satisfy the Mostow condition
Yes Yes Yes * × = for both the invariant and the not invariant symplectic structures considered. * = for the invariant symplectic structures.
By [11] , solutions of the supersymmetry (SUSY) equations IIA possess a symplectic halfflat structure, whereas solutions of the SUSY equations IIB admit a half-flat structure (see e.g. [4] for the definition of half-flat structure, cf. also Section 4). In Section 4, we prove the following Proposition 1.2. We have the following behavior concerning half-flatness of (invariant) symplectic structures for the above solvmanifolds:
• G a=0 6.10 /Γ 2π and G 0 5.14 × R/Γ 2π admit (not) invariant symplectic forms which are not half-flat.
•
∈ Q) admits an invariant symplectic form which is half-flat only for p ≥ 0 and r = 1 and it admits a not invariant symplectic form which is half-flat.
• G 0 5.18 × R/Γ 2π and G 0 3.5 × R 3 /Γ 2π admit not invariant symplectic forms which are half-flat.
The Mostow bundle and almost abelian solvmanifolds
Let M = G/Γ be a solvmanifold and let N be the nilradical of G (of course, N agrees with G if and only if M is a nilmanifold). Then Γ N := Γ ∩ N is a lattice in N , ΓN = N Γ is closed in G and G/(N Γ) =: T k is a torus. Thus we have the so-called Mostow fibration [19] :
In six dimensions, the nilradical n can have dimension from 3 to 6. Dimension 6 corresponds clearly to nilmanifolds. In the codimension one case the Mostow fibration is simpler. A connected and simply-connected solvable Lie group G with nilradical N is called almost nilpotent if its nilradical has codimension one. The group G is then given by the semi-direct product G = R ⋉ ϕ N of its nilradical with R, where ϕ is some action on N depending on the direction R
In general, we label by t the coordinate on R and by X n+1 = ∂ t , n = dim N , the corresponding vector of the algebra. From a geometrical point of view, ϕ(t) encodes the monodromy of the Mostow bundle. An almost abelian solvable group is an almost nilpotent group whose nilradical is abelian N = R n . In this case, the action of R on N is given by ϕ(t) = e t ad X n+1 .
In general, to find lattices in solvable Lie groups is a hard task. Only a necessary criterium is known, namely that G is unimodular [18, Lemma 6.2] .
A nice feature of almost abelian solvable groups is that there is a criterion on the existence of a lattice [3] Proposition 2.1. Let G = R ⋉ ϕ R n be almost abelian solvable Lie group. Then G admits a lattice if and only if there exists a t 0 = 0 for which ϕ(t 0 ) can be conjugated to an integer matrix.
We shall call almost abelian solvmanifold the corresponding quotient of an almost abelian solvable Lie group by a lattice.
Lattices of solvmanifolds yield their diffeomorphism class. Indeed Theorem 2.2. [24, Theorem 3.6] Let G i /Γ i be solvmanifolds for i ∈ {1, 2} and ψ : Γ 1 → Γ 2 an isomorphism. Then there exists a diffeomorphism Ψ :
, for any γ ∈ Γ 1 and any p ∈ G 1 .
As a consequence two compact solvmanifolds with isomorphic fundamental groups are diffeomorphic.
Modification of the cohomology
If the algebraic closures A(Ad G (G)) and A(Ad G (Γ)) are equal, one says that G and Γ satisfy the Mostow condition (see [24] for more details and definitions). In this case, the de Rham cohomology H * (M ) of the compact solvmanifold M = G/Γ can be computed by the Chevalley-Eilenberg cohomology H * (g) of the Lie algebra g of G (see [20] and [24, Corollary 7 .29]); indeed, one has the isomorphism H * (M ) ∼ = H * (g). A special case is provided by nilmanifolds (Nomizu's Theorem, [21] ) and more generally if G is completely solvable [14] , i.e. all the linear operators ad X : g → g, X ∈ g have only real eigenvalues.
For almost abelian solvmanifolds, Gorbatsevich found a criterion to decide whether the Mostow condition holds [12] : Proposition 3.1. The Mostow condition is satisfied if and only if πi can not be written as linear combination in Q of the eigenvalues of t 0 ad X n+1 , where Γ is generated by t 0 .
Let M = G/Γ be a solvmanifold. By [24, Theorem 6.11, p . 93] it is not restrictive to suppose that A(Ad G (Γ)) is connected. Otherwise we pass from Γ to a finite index subgroupΓ. This is equivalent to passing from M = G/Γ to the space G/Γ which is a finite-sheeted covering of M .
By Borel density theorem (see e.g. [24, Theorem 5.5] ), there exists a compact torus
Then the main step for the "modification method" is the following Theorem 3.2.
[5] Let G be a solvable simply connected Lie group and let Γ be lattice in
The Mostow condition holds for the Lie groupG, so H * (G/Γ) = H * (g). The modified solvable groupG is obtained from G by killing the action of subtorus S c that we get by comparing the compact and C-diagonalizable part of A(Ad G (G)) and A(Ad G (Γ)). More precisely, let S c be a maximal compact torus of A(Ad G (Γ)) contained in T c . Let S c be a subtorus of T c complementary to S c so that T c = S c × S c . Let σ be the composition of the homomorphisms:
One uses σ to get rid of S c (see [5] ).
It turns out thatG is diffeomorphic to G, they are both simply connected and, by Theorem 2.2,G/Γ is diffeomorphic to G/Γ. Thus H * (G/Γ) = H * (G/Γ) and we get Corollary 3.3. Let G be a solvable simply connected Lie group and let Γ be lattice in G such that G/Γ is a solvmanifold and A(Ad G (Γ)) is connected. Then we have
whereg is the Lie algebra ofG.
Observe that the lattice Γ is not modified and, indeed, as remarked, G/Γ is an EilenbergMacLane space, so that its topology is determined by its fundamental group Γ only. Remark 1. The Lie algebrag ofG can be identified bỹ
with Lie bracket:
where
In the general case for a lattice Γ, the method runs as follows. Given M = G/Γ, there exists a finite covering spaceM = G/Γ, i.e., Γ/Γ is a finite group, such that forΓ it holds that A(Ad G (Γ) is connected.
Thus 3.1. Six dimensional almost abelian Lie groups. We are interested in six dimensional, unimodular almost abelian Lie groups which are not completely solvable. There are eleven such Lie groups that can admit a lattice and their Lie algebras are the following [3] :
Next, we apply Proposition 2.1 to determine for which values of t =t, ϕ(t) = exp(t ad X 6 ) determines a lattice Γt in G.
Note in particular that as consequence of Proposition 2.1, both the characteristic polynomial and the minimal polynomial of exp(t ad X n+1 ) must have integer coefficients.
To perform the computations we use the Maple software. To illustrate the method, we develop in detail the case of G a,b,c,p 6.8
, writing down the results in the other cases.
• G The eigenvalues of t ad X 6 are
so the Mostow condition does not hold for t =t a rational multiple of π. To apply Corollary 3.3 we need to have A(Ad G (Γt)) connected. Using the same arguments as in the proof of Proposition 3.1, (see [12] ) one can see this is the case fort = 2π. Indeed, using the Jordan decomposition into semisimple and nilpotent parts, one gets that the only blocks whose algebraic closures are not in general connected are the subgroups given by the exponentials of the roots of the complex eigenvalues. In this case they are the cyclic subgroups cos(nt) sin(nt) − sin(nt) cos(nt) , n ∈ Z, for t =t a rational multiple of π. The above cyclic subgroups are connected only if it they are trivial, i.e., fort = 2π.
Let us consider then Γt fort = 2π.
Setting e 2πb = w, e 2πc = v, e −2πp = k, we have
So, it can have integer coefficients only if k ∈ Z.
We set w + v = r, wv = s and the coefficients p i of x i in MinPol (x) become:
Hence p 1 ∈ Z if and only if
Therefore for p = 0, Γ 2π is not a lattice.
Next we check the existence of a lattice for p = 0. The characteristic polynomial of exp(2π ad X 6 ) has coefficients
So a 1 , a 2 , a 3 , a 4 ∈ Z if and only if s 2 + r s , rs + 1 s ∈ Z and we must check that the solutions are such that w and v are positive. To this goal we consider the system
that admits solutions for some values of the integers h 1 and h 2 (for example for h 1 = 5, h 2 = 6). In particular we can not accept the solutions {s = r − 1}, because they correspond to b = 0 or c = 0 and {s = 1}, because it corresponds to a = 0.
Thus, for p = 0, we can find values of b and c (and a = −b−c) such that the characteristic polynomial of exp(2πad X 6 ) has integer coefficients and we can check by direct computation that exp(2π ad X 6 ) is conjugate to
. Therefore, for some choice of the parameters b and c, Γ 2π is a lattice. We denote the group G a,b,c,0 6.8
for the above choices of the parameters a, b, c by G p=0 6.8 for short. Next we verify the Mostow condition: the eigenvalues of 2πad X 6 are ±2πi, 2πb, 2πc, − (b + c)2π , so we can easily find a linear combination in Q that gives πi. Hence, by Proposition 3.1 the Mostow condition does not hold.
To compute the cohomology we have then to apply the modification method. The Lie group G By definition the subtorus S c is the compact part of the C-diagonalizable one, that is the product of S c and the R-diagonalizable torus, so it is just the circle give by the block cos t sin t − sin t cos t and thenG Hence, the structure constants ofg 
Thusg
Here and in the sequel, for the sake of symplicity, we do not use any special symbol for the cohomology class, writing down one of its representatives. We set e 2πb/k = w, e 2πc/k = v, cos 2π/k = u/2, and w + v = r, wv = s. Then the coefficients of the characteristic polynomial of exp(2π/k ad X 6 ) become:
then a 1 + a 4 and a 2 + a 3 are integer and so u ∈ Q. Therefore, if cos 2π/k is not rational, then Γ 2π/k is not a lattice. If u ∈ Q, then the characteristic polynomial has integer coefficients if and only if the same system (1) as the one found fort = 2π admits a solution. Again by direct computation we check that the matrix A is conjugate with exp(t ad X 6 ), for everyt such that cost = ±1, 0, ± 
• G a,b,p 6.9 : again exp(t ad X 6 ) has a pair complex conjugate roots. Thus one would get a lattice Γt for which the Mostow condition does not hold and A(Ad G (Γt)) is connected for t = 2π. However, one can show that there is no lattice fort = 2π.
• G a 6.10 : exp(t ad X 6 ) has a pair complex conjugate roots. If a = 0 there is no lattice t = 2π, but Γ 2π is a lattice for G 0 6.10 . 6.10 such that the corresponding solvmanifold satisfies b 1 = 2 and b 2 = 3, then it is symplectic and not formal. Here we show that, for example, Γ π , is such a lattice. We will deal about symplectic structures and formally later (Section 4).
• G a,p,q,s We set e −2(p+q)πs 2 = α and e −2qπs 2 + e −2pπs 2 = β, so its minimal polynomial is
so it can have integer coefficients only if α ∈ Z. Then
∈ Z and so β ∈ Z. Therefore if α and β are not both integer we have no lattice Γ 2πs 2 . Suppose α, β ∈ Z, then β + 1 α ∈ Z only if α = 1 that is a = p + q = 0, but this value is not acceptable, so Γ 2πs 2 is not a lattice.
(ii): If s is irrational then one can look for lattices Γt with A(Ad G (Γt)) connected fort = 2π. For p = 0 there is no lattice fort = 2π, but Γ 2π is a lattice for G a,0,q,s 6.11
for some value of q and s (recall, a + 2p + 2q = 0). We denote the group G a,0,q,s 6.11 for these choices of the parameters by G p=0
6.11
The Mostow condition does not hold and by modification method we get that g 
The subgroups Γ 2π/k (k ∈ Z) are also lattices if and only if 2 cos 2π k ∈ Z. In all these cases we have
• G −4p,p 6.12 : one can show that there is no lattice for t = 2π.
× R: we must consider two different cases: if r ∈ R Q, A(Ad (Γ 2π )) is connected, instead if r = r 1 r 2 ∈ Q, A(Ad (Γ 2πr 2 )) is connected, but one can show that there is no lattice for both these values of t.
• G 0 5.14 ×R: fort = 2π A(Ad (Γt)) is connected and Γt is a lattice, then the only nonzero bracket of the Lie algebrag ∼ = g 3.1 ⊕ R 3 is [X 2 , X 5 ] = X 1 and the cohomology groups are We note that these groups are isomorphic to the cohomology groups of the Lie algebra g 0 5.14 ⊕ R.
• G p,−p,r 5.17 ×R: again we must consider two different cases: if r ∈ R Q, A(Ad (Γ 2π )) is connected, but we have no lattice, instead if r = r 1 r 2 ∈ Q, A(Ad (Γ 2πr 2 ) ) is connected and Γ 2πr 2 is a lattice if and only if e 2πpr 2 + e −2πpr 2 = h ∈ Z. So for these values of p and r 2 the Lie algebrag is R 6 for p = 0, while for p = 0 the non zero brackets ing are given by
Thus if p = 0,g is isomorphic to g To study other lattices we consider the case r ∈ Z and then t = 2π k : the characteristic polynomial of exp(tad X 5 ) has coefficients that depends strongly on the relation between k and r, so it is difficult to determine in general for which values of k they are integer.
For this reason we consider only particular values of k: (a) k = 2: if r is even we have a lattice if and only if h − 2 = n 2 for some n ∈ Z and the cohomology groups of the solvmanifold are: We note that for p = 0 these groups are isomorphic to the cohomology groups of the Lie algebra. If r is odd we have a lattice if there exists an integer n such that h + 2 = n 2 and if p = 0: (b) k = 4: if r ≡ 0 mod 4 then the characteristic polynomial has integer coefficients if and only if p = 0 and for this value our matrix is integer, so there is the lattice. If r ≡ 1 mod 4 again we have a lattice only if h + 2 = n 2 for some n ∈ Z and if p = 0:
346 . For r = 1 they are isomorphic to the cohomology groups of the Lie algebra.
If r ≡ 2 mod 4 then again there is a lattice only if p = 0 and we have an isomorphism with the invariant cohomology groups:
If r ≡ 3 mod 4 we get same coefficients as if r ≡ 1 mod 4 and then we have a lattice only if h + 2 = n 2 for some n ∈ Z.
The last case is isomorphic to the cohomology of the Lie algebra.
• G −2p,p 4.6 × R 2 : for t = 2π A(Ad (Γ t )) is connected, but there is not a lattice.
• G 0 3.5 × R 3 : for t = 2π A(Ad (Γ t )) is obviously connected and we have a lattice, in particularg
is diffeomorphic to a 6-torus. Again, the subgroups Γ 2π/k (k ∈ Z) are again lattices if and only if 2 cos 2π k ∈ Z, in particular for all these values the cohomology groups are always isomorphic to the invariant ones:
We list the Lie algebras g and the ones obtained by deformationg in Table 2 .
Symplectic structures and Lefschetz properties
Let us study symplectic structures on the solvmanifolds we consider. 
In general, sinceG/Γ is diffeomorphic to G/Γ, (Theorem 2.2), symplectic structures on the modified Lie algebrag yield not G-invariant symplectic structuresω on G/Γ (where Γ is the lattice from which A(Ad G (Γ)) is connected). Recall from the previous Sections that these manifolds G/Γ cover solvmanifolds G/Γ. Observe that in general the symplectic formsω are defined only on the covering G/Γ and (in general) not on the covered manifolds G/Γ.
Let us start with the indecomposable case. We know from the classification of symplectic structures on six dimensional solvable Lie algebras (see [16] ) that only the solvmanifolds G ⊕ R admits symplectic structures only for particular values of the parameters p and r, [16] , but If p = 0:g is isomorphic to R 6 so it is symplectic. If p = 0:g has generic symplectic form with det(ω i,j ) = 0. The Lie algebra g = g 0 3.5 ⊕ R 3 admits symplectic structures, butg is isomorphic to R 6 so the solvmanifold G 0 3.5 ×R 3 /Γ 2π admits obviously also a not invariant symplectic structure.
Definition 4.1. An SU(3) structure six-dimensional manifold M (i.e., an SU(3) reduction of the frame bundle of M) defines a non-degenerate 2-form ω, an almostcomplex structure J, and a complex volume form Ψ. The SU(3) structure is called half-flat if ω ∧ Ω and the real part of Ψ are closed [4] . If in addition ω is closed, the half-flat structure is called symplectic.
Proof of Proposition 1.2. We use the classification in [8] together with the above discussion on symplectic forms on the solvmanifolds, possibly coming from forms on the modified Lie algebra (cf. Table 2) .
By [8, Proposition 4.2] , there is no 4 ⊕ 2 decomposable Lie algebra admitting symplectic half-flat structures. Hence the symplectic forms on G Next we consider the hard Lefschetz property. Recall that for a symplectic manifold (M 2n , ω) the hard Lefschetz property holds if for every 0 ≤ k ≤ n the homomorphism
. The property of being 0-Lefschetz is equivalent to cohomologically symplectic, i.e., there exists ω ∈ H 2 (M) such that ω n = 0. We need to consider G 
Proof. We describe the proof of the first part only for the first solvmanifold because the other cases are quite similar and the proposition comes from direct computation of the morphisms L n−k . G a=0 6.10 /Γ 2π is 0-Lefschetz because it is cohomologically symplectic. By a direct computation, we find that for every α ∈ Λ 2 Ω(G/Γ), α 1235 never appears inω ∧ α, but it is a generator of If we consider the invariant symplectic form ω, then one can see that the hard Lefschetz property holds for (G 
Minimal Models and formality
We now compute the minimal model of the solvmanifolds we found. We use a method developed by Oprea and Tralle [22, 23] that exploits the Mostow fibration.
Theorem 5.1. [22, 23] Let F → E → B be a fibration and let U be the largest π 1 (B)-submodule of H * (F, Q) on which π 1 (B) acts nilpotently. Suppose that
is a vector space of finite type and that B is a nilpotent space, then in the Sullivan model of the fibration
In particular in the case of the Mostow fibration
we can construct the minimal model (Λ(X ⊕ Y ), D) of the solvmanifold using the models of of the base T k (for almost abelian solvmanifolds k = 1, i.e., we have a circle S 1 ) and the fibre N/Γ N (actually of its submodule U). In general, finding U is very difficult, but when the solvmanifold is almost nilpotent (in particular almost abelian), the monodromy action of Z ∼ = π 1 (S 1 ) on H * (N/Γ N ) is exploited by the (transpose of) twist action that defines the semidirect sum g = R ⋉ n, that in our case is just exp(t ad X 6 ) (see [22, Theorems 3.7 and 3.8] ). Unfortunately, with this method, in some of our examples we cannot find the model uniquely, because we can have different choices for the construction of (Λ(X ⊕ Y ), D). However, we can identify the right one, knowing the cohomology groups from the previous computations.
We write down the computations explicitly only for some of the solvmanifolds, trying to show all the possible different cases, and for the others we only give the minimal model.
, and a minimal model for U is M U = (Λ(x 1 , y 1 , z 3 ), 0). The minimal model of the base S 1 is (Λ(A 1 ), 0) and the minimal model of the solvmanifold is M = (Λ(A 1 , x 1 , y 1 , z 3 ), 0) .
• G a=0 6.10 /Γ 2π :
The minimal model of the solvmanifold is M = (Λ(A 1 , x 1 , y 1 , z 1 , p 1 , q 1 ) , D), but we have 7 different choices for D: u 1 , A 1 , x 1 , y 1 , z 1 , t 1 ), D) , Du = DA = Dx = Dy = 0, Dz = Ax, Dt = Ay .
• G • G • G • G Next, we use these models to decide which of these solvmanifolds are formal.
Recall that a manifold is formal if so is its minimal model, that is there exists a c.g.d.a. homomorphism ψ : M → H * (M) that induces the identity in cohomology. In particular the definition implies that every closed generator must be sent to its cohomology class, while the others must be sent to zero, but not always this construction gives the identity also in higher dimension of cohomology.
Proof of Theorem 1.1. If we have the explicit computation of the model of the solvmanifold we can define ψ and see directly if the map induced in cohomology is the identity or not. For example in the case G • H 0 (A) = R • ∀i > dim(A) H i (A) = 0 • H dim(M )−i (A) ∼ = H i (A) (Poincaré duality) M U has dimension 4 and it has always these three characteristics, so to prove that it is formal we must only prove that it is 1-formal. In particular in the cases in which we do not have explicit model M U is always simply connected because U 1 = {0}, so it is 1-formal and then the theorem states that it is always formal. Now we use formality of (M U , d M U ) to study formality of the model of the solvmanifold (M, D): if M has differential D such that D| M U ≡ d M U , then it is obviously formal, otherwise we can show that it is not formal defining the map ψ in a similar way to the case G a=0 6.10 /Γ 2π . In particular one can verify that all the not formal solvmanifolds that we have considered are 0-formal but not 1-formal.
